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Chiral Symmetry Breaking, Deconfinement and Entanglement Monotonicity
Tarun Grover1
1Kavli Institute for Theoretical Physics, University of California, Santa Barbara, CA 93106, USA
We employ the recent results on the generalization of the c-theorem to 2+1-d to derive non-
perturbative results for strongly interacting quantum field theories, including QED-3 and the crit-
ical theory corresponding to certain quantum phase transitions in condensed matter systems. In
particular, by demanding that the universal constant part of the entanglement entropy decreases
along the renormalization group flow (“F-theorem”), we find bounds on the number of flavors of
fermions required for the stability of QED-3 against chiral symmetry breaking and confinement. In
this context, the exact results known for the entanglement of superconformal field theories turn out
to be quite useful. Furthermore, the universal number corresponding to the ratio of the entangle-
ment entropy of a free Dirac fermion to that of free scalar plays an interesting role in the bounds
derived. Using similar ideas, we also derive strong constraints on the nature of quantum critical
points in condensed matter systems with “topological order”.
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I. INTRODUCTION
Strongly interacting field-theories in 2+1-d often arise
as a low-energy description of condensed matter systems
and also serve as a test-bed for phenomena in 3+1-d.
Generally speaking, there are only a few exact results
for non-supersymmetric strongly correlated systems in
greater than two space-time dimensions. Thus, it is nat-
ural to ask whether there exist non-perturbative princi-
ples that may not provide solution to particular problems
but still help constrain the set of possibilities for a generic
problem? An example is the central charge theorem1 for
two dimensional conformal field theories and its four di-
mensional version, the a-theorem2–4, that strongly con-
strain the renormalization group flow of conformal field
theories. In this paper, we employ the recent results on
the generalization of the central charge theorem to 2+1-
d5–11, supplemented with the work of Vafa and Witten12,
to derive the low-energy behavior of several strongly in-
teracting 2+1-d theories. In particular, we put an upper
bound on the critical number of fermions below which the
chiral symmetry breaking occurs in a non-compact QED-
3, and an upper bound on the number of fermion flavors
required to deconfine fermions in compact QED-3. We
also briefly mention generalization to non-abelian gauge
theories. Apart from being of general field-theoretic in-
terest, these results have important implications for the
stability of several condensed matter systems that go by
the name of “algebraic quantum spin-liquids”13–19. We
also derive strong constraints imposed by the entangle-
ment monotonicity on the nature of quantum and classi-
cal phase transitions20 in condensed-matter systems with
emergent gauge fields21–26.
Let us recall the central-charge theorem1, or, the “c-
theorem”, that has been quite fruitful in detailing the
phase diagrams of several 1+1-d systems that have con-
formally invariant fixed points. The c-theorem states
that the central charge c of a conformal field theory
(CFT) decreases along the renormalization group flow,
as one goes from a UV fixed point to an IR fixed point.
As an example, a relevant perturbation to the tricritical
Ising point (c = 7/10) can take it to only two possible
unitary CFTs: the Ising critical point (c = 1/2) or a
fully gapped system (c = 0). There is a similar theorem
for four dimensional CFTs, namely Cardy’s a-theorem2,3
that has been put on rigorous footing4 in the recent past.
Recently, there has been progress in developing an
analog of c-theorem for three space-time dimensions5–11.
Specifically, Casini and Huerta7 have shown that for
Lorentz invariant theories, if one writes the entangle-
ment entropy for a circular region of radius R as S(R) =
αR− γ, the universal constant γ decreases along the RG
flow. Specifically, γUV > γIR where UV/IR denote rel-
ativistic ultraviolet/infrared fixed points of the RG. A
second development has been the conjecture, and a per-
turbative proof that the universal part “F” of the free
energy of a CFT on a three-sphere S3 decreases along
the RG flow and takes a stationary value F0 at the
fixed points8,9. Ref.11 showed that for conformally in-
variant systems, γ = F0 at the fixed points. Therefore,
γUV > γIR already implies that FUV > FIR. Below, to
2derive our results, we will use the entanglement entropy
formulation of Refs.5–7 when thinking about 2+1-d quan-
tum systems, and the F -theorem formulation of Refs.8,9
when working with classical field theories in 3+0 dimen-
sions, though they are equivalent for our purposes, since
we will be dealing only with conformally invariant fixed
points.
II. CONSEQUENCES OF ENTANGLEMENT
MONOTONICITY FOR QED-3
A. Critical Number of Flavors for Chiral
Symmetry Breaking in Non-Compact QED-3
Dynamical symmetry breaking is a phenomenon
shared by many strongly coupled field theories. In this
section, we consider spontaneous generation of chiral
mass in non-compact QED-312,27. The theory is given
by:
LQED−3 =
Nf∑
a=1
ψa [−iγµ (∂µ + iaµ)]ψa +
1
2e2
FµνFµν
(1)
where ψ is a four-component Dirac fermion and aµ is a
non-compact U(1) gauge field. The four-component no-
tation helps define chiral symmetry in 2+1-d. Organiz-
ing ψ as two two-component spinors, ψ = [ψ↑ ψ↓]
T , and
choosing γ0 = σ3 ⊗ σ3, γ1 = iσ3 ⊗ σ1, γ2 = iσ3 ⊗ σ2, the
chiral mass is given by ∆L = mψψ = ψ†↑σ3ψ↑ − ψ†↓σ3ψ↓.
Such a mass breaks the global U(2Nf) symmetry of the
above action down to SU(Nf )× SU(Nf)× U(1)× U(1)
while preserving the parity and time-reversal. Thus,
when generated spontaneously, it leads to 2N2f number of
Goldstone modes. Following Vafa and Witten12, this is
the most likely form of spontaneous symmetry breaking
pattern for QED-3, an expectation that is also supported
by various other analyses27.
The Lagrangian in Eqn.1 undergoes dynamical chiral
symmetry breaking (CSB) only for Nf < Nfc,CSB where
the precise value of Nfc,CSB has been a point of vast
discussion27–29. As we now argue, monotonicity of the
entanglement entropy between RG fixed points implies
that there indeed exists a finite Nfc,CSB above which
CSB cannot occur and furthermore, one can obtain an
upper bound on Nfc,CSB.
CSB in a non-compact QED-3 can be thought of as
a weak-coupling instability of a UV fixed point consist-
ing of Nf four-component free Dirac fermions and a free
photon, to an IR fixed point consisting of 2N2f Gold-
stone modes and a free photon. The universal part of
the entanglement entropy for a free Dirac fermion equals
γDirac = 0.219
8,30. The assignment of γ to the free
photons as well as the Goldstone modes require a bit
more thought since a free photon in three-dimensions
is not conformally invariant31. Indeed, when put on a
sphere S3 of size R, this lack of conformal invariance
leads to a logarithmic dependence of its free energy10 on
R . Since a Goldstone mode is dual to a free photon in
three dimensions32, one again expects logarithmic cor-
rections to its entanglement entropy33. This implies that
formally, γ =∞ for both the Goldstone mode as well as
the photon.
As discussed in Ref.33, the presence of subleading loga-
rithmic divergence in the entanglement entropy of Gold-
stone mode is related to the presence of zero mode for
the free scalar theory with Lagrangian L = ∫ d3x (∂µφ)2.
There is a physical way to remedy this divergence, which
is to assign an infinitesimal mass δm to the Goldstone
mode, such that δm ≪ l−1 where l is the size of the re-
gion for which the entanglement is being calculated. This
assignment of mass δm has a direct physical meaning: the
phenomena of symmetry breaking is best understood by
applying a vanishing small magnetic field that couples to
the order-parameter field, and only then taking the ther-
modynamic limit. The mass δm plays the role of this
infinitesimal magnetic field in our discussion, and it reg-
ularizes the zero mode associated with a free scalar. The
main implication of this small mass is that it effectively
converts a Goldstone mode to a non-compact conformal
scalar, which has a γ-value of γscalar = 0.0638 (Ref.
30)
as lδm→ 0.
One might expect that one can similarly assign a small
mass to the photon, which via the standard duality32,
would now correspond to a small monopole fugacity.
However, there is one important subtlety. The UV
fixed point with free photons and fermions has two
potentially relevant couplings: the charge e, and the
monopole fugacity δm, which spoils the exact corre-
spondence with the Goldstone mode problem. Further-
more, when N > Nfc,CSB (i.e., when interacting QED-
3 is a stable fixed point of RG), γIR = 2NfγDirac +
1
2 log(πNf/4) + O(1/Nf )
10. This implies, that at least
when Nf > Nfc,CSB, the assignment γphoton = γscalar
at the UV fixed point cannot be correct since it will vi-
olate the F-theorem. None of these arguments, however,
seem to contradict such an assignment for Nf < Nfc,CSB
(when the free theory flows to the Goldstone phase rather
than the interacting QED-3), and below, we will first
consider the consequences of such an assignment. This
will also provide the spirit of the arguments to come
later. Following this, we will present a different ar-
gument, which avoids perturbing around the free fixed
point and instead employs the flow from supersymmetric
(SUSY) QED-3 to non-SUSY QED-3.
Let us therefore consider the Lagrangian in Eqn.1 for
Nf < Nfc,CSB. Tentatively assigning γphoton = γscalar
in the UV, the total value of γ at the UV fixed point is
given by34
γUV = 2NfγDirac + γscalar (2)
While in the CSB phase, it is given by35
3γIR = 2N
2
fγscalar + γscalar (3)
Since γUV > γIR (Ref.
5–7)
Nfc,CSB <
γDirac
γscalar
= 3.3056 (4)
We note that our argument above is similar in spirit to
those presented by Appelquist et al36 where it was sug-
gested that the thermodynamic free energy density may
serve as an analog of the central charge in three dimen-
sions. However, there are known counter-examples to the
monotonicity of free energy density8,37,38 and therefore it
cannot be used for obtaining such bounds.
Bounds via deformation of SUSY QED-3 to ob-
tain QED-3:
Since the above argument requires dealing with free
gauge field in the UV, which formally has an infinite γ, we
now construct a different, more robust argument which
instead consists of deforming a superconformal theory to
obtain interacting non-SUSY (i.e. conventional) QED-3
in the IR. The advantage of this approach is that the γ
for the corresponding supersymmetric theory is finite and
it can be calculated exactly8,10,39–41, thus yielding a rig-
orous upper bound on Nfc,CSB, under certain reasonable
assumptions discussed below.
The supersymmetric theory we consider42 is maximally
chiral N = 2 superconformal QED-3, whose Lagrangian
is given by:
LSQED−3 = (∂µaν − ∂νaµ)2 − i
4
λγµ∂µλ
+|(i∂µ − eaµ)φ|2 + ψ(−i∂µ − eaµ)γµψ
+ie(φψλ− φ∗ψλ) + D
2
2
+
eD
2
|φ|2
+(∂µθ)
2 − eθ(ψψ) + e2θ2|φ|2 (5)
where ~a is the gauge field, λ is the (fermionic) gaugino,
φ is a component complex boson with 2Nf flavors, ψ is
a two-component Dirac fermion with 2Nf flavors, θ is
a real scalar and D is an auxiliary field (which can be
integrated out to generate quartic terms for the scalar).
Let us now deform the above theory by adding gauge-
invariant mass for φ (∝ |φ|2), as well as a mass for θ
(∝ θ2). Note that these mass terms retain all the sym-
metries, in particular, the SU(Nf) flavor symmetry as
well as the time-reversal symmetry. This ensures that no
explicit mass is generated for the fields ψ and λ. We can
now integrate out θ and φ, which generates new interac-
tions for the left over fields λ,~a, ψ:
L = LQED−3 − i
4
λγµ∂µλ+∆L1 (6)
where
LQED−3 = 1
4e2
(∂µaν − ∂νaµ)2 +
Nf∑
α=1
ψα(−i∂µ − aµ)ψα
(7)
and
∆L1 ∝ λλψψ (8)
LQED−3 has the form of (non-SUSY) QED-3. The
terms such as (ψψ)2, which are generated upon integrat-
ing out θ are already assumed to be part of LQED−3,
since they are allowed by symmetry. For Nf ≫ 1 (and
bigger than Nfc), we know of only one fixed point of
this theory, which is the interacting QED-3 fixed point.
Therefore, we expect that the charge e will renormalize
as one flows away from the SQED-3 fixed point, such that
it attains the value appropriate for (non-SUSY) QED-3
conformal fixed point at the end of RG flow. One still
needs to show that ∆L1 is irrelevant at the QED-3 fixed
point, which we now argue is indeed a very reasonable
expectation. This expectation is based on the fact that
the scaling dimension of the operator ψψ, in a large-Nf
expansion, is given by ∆ψψ = 2 +
128
6pi2Nf
(Ref.43). The
main thing to notice here is not the exact value of ∆ψψ
but the fact that, at the very least, ∆ψψ > 2 for Nf ≫ 1.
We assume that this trend holds for the values of Nf we
encounter below which are 2Nf ≈ 10. Note that this is
rather special to the operator ψψ. In fact, all non-singlet
operators of the form ψT aψ, where T a is an SU(2Nf)
generator acting in the flavor space, have scaling dimen-
sions that are less than two in the large-Nf expansion
at O(1/Nf )
43. This is also consistent with Vafa-Witten
theorem: a time-reversal breaking term of the from ψψ
ought to be less relevant than the terms that possibly
retain the time-reversal.
Assuming ∆ψψ > 2 for Nf close to Nfc,CSB, one finds
that ∆L1 is indeed irrelevant at the QED-3 fixed point
(note that λ remains a free Dirac fermion and has a scal-
ing dimension of unity). Therefore, one is left with QED-
3 and a free Dirac spinor λ in the IR.
Entanglement monotonicity implies,
γSQED−3 > γQED−3 + γDirac (9)
On the other hand, as discussed earlier, below
Nfc,CSB, the RG flow from a free UV theory to the QED-
3, doesn’t stop at the QED-3 fixed point, but instead
ends up at the Goldstone mode fixed point, which corre-
sponds to CSB of the form U(2Nf ) → U(Nf ) × U(Nf ).
Assuming that the RG flow deforms continuously as Nf
is varied, entanglement monotonicity implies35,
γQED−3 > 2N
2
f γscalar + γscalar (10)
Combining Eqns.9 and 10, spontaneous symmetry
breaking is allowed only if,
4(2N2f + 1)γscalar < γSQED−3 − γDirac (11)
γSQED−3,Chiral has been calculated by Klebanov et
al in Ref.10. For obtaining the bounds, we can just
work with the large-Nf expanded version of FSQED−3,
since the first three terms yields essentially exact result10,
which is sufficient for our purposes:
γSQED−3 = Nf log(2) +
1
2
log
(
Nfπ
2
)
+
(−1
4
+
10
3π2
)
1
Nf
+O(N−2f ) (12)
Using Eqns.11 and 12, one finds that the Goldstone
modes cannot be generated when 2Nf > 13. Therefore,
the above argument implies that Nfc,CSB < 7.
We would like to end this section with two comments.
All of our arguments assume that the RG flows evolve
smoothly as Nf is varied, even though Nf is not a contin-
uous parameter. There is no apriori justification for this
statement. Secondly, it will be worthwhile to study the
flow from SQED-3 to QED-3 in more detail, for example,
within a 1/Nf expansion, or numerically, to substantiate
the RG flow outlined above.
B. Critical Number of Flavors for Deconfinement
in Compact QED-3
The Lagrangian for compact QED-3 is same as Eqn.1,
the only difference being that the instantons in the
gauge field configuration are now allowed. Following
Polyakov44, in the absence of any matter field, compact
QED-3 confines. However, one expects that as the com-
pact gauge field is coupled to fermionic matter fields, the
theory deconfines above certain critical number Nfc,Dec
of flavors of the fermions14 where the precise value of
Nfc,Dec required for deconfinement is not known. Here
we obtain an upper bound on Nfc by employing ideas
similar to that in the previous section.
So let us start with compact QED-3 in the UV with
massless photons and Nf massless fermions. One can
imagine four distinct possibilities for the fate of this the-
ory in the IR:
I The theory confines with a mass gap to all excita-
tions.
II The theory confines while breaking the flavor sym-
metry U(2Nf) down to some smaller subgroup re-
sulting in massless Goldstone bosons.
III The theory deconfines with massless fermions in the
IR45.
IV The theory deconfines while maintaining gap to the
fermions and gauge fields in the IR.45.
In a remarkable paper, Vafa and Witten12 argued that
in 2+1-d, whenever there exist Nf > 3 massless fermions
coupled to massless gauge bosons in the UV, then there
necessarily exist massless particles in the IR. However,
the Vafa-Witten theorem does not tell what these mass-
less particles correspond to. They may well be Goldstone
modes, or they could also be fermions coupled to the
gauge field(s). We now show that entanglement mono-
tonicity can be used to refine Vafa-Witten theorem and
obtain a strict bound on Nf for which massless fermions
deconfine in the IR (possibility III above).
To begin with, Vafa-Witten theorem rules out the pos-
sibilities I and IV for Nf > 3. Next, assuming that the
pattern of flavor symmetry breaking is12,27 U(2Nf) →
U(Nf )×U(Nf), entanglement monotonicity implies that
γQED−3 > 2N
2
f γscalar (13)
Note that in contrast to the discussion in the last
subsection, the photon does not survive after symme-
try breaking since we are dealing with a compact QED.
On the other hand, one can again deform the maximally
chiral N = 2 SQED-3 to obtain QED-3 and thus, the
Eqn.9 continues to hold. Combining Eqns. 9 and 13, one
concludes that one can not obtain Goldstone modes in
the IR, if Nf > 6. This leave only the possibility III for
Nf > 6, that is, QED-3 necessarily deconfines when the
number of (four-component) flavors exceed six.
Non-abelian Gauge theories: To a good approxima-
tion, the bounds derived above all have the form that for
Nf &
γDirac
γscalar
, the QED-3 is stable to spontaneous sym-
metry breaking and/or confinement. The same argument
may be generalized to quantum field theories that de-
scribe matter coupled to non-abelian gauge fields. Here
we only mention an approximate result and leave the
derivation of an exact bound (say, by employing the de-
formation of a SUSY QCD-3), for the future. To the
leading order in Nf , γ for QCD-3 for 2Nf flavors of
fermions coupled to a non-abelian gauge field with Nc col-
ors is given by 2NfNcγDirac, while that for the Goldstone
phase is given by 2N2f γscalar. Entanglement monotonic-
ity and Vafa-Witten theorems again imply that QCD-3
is stable against confinement when Nf & Nc
γDirac
γscalar
. This
is consistent with the general intuition, that as Nc in-
creases, so does the critical number of fermions required
for deconfinement46,47. One can systematically improve
this estimate of bound by considering 1/Nf corrections
to the leading result for the entanglement of non-abelian
gauge theories10.
III. DECONFINED VS CONVENTIONAL
QUANTUM CRITICAL POINTS
Deconfined quantum critical points: In this sec-
tion, we will consider a few applications of entanglement
monotonicity to interacting spins and/or gauge fields on
lattices in 2+1-d and 3+0-d.
5O(3) 
Critical?
Gaussian Fixed Point
AntiferromagnetTopologically
Ordered Phase
Figure 1: An RG flow that is prohibited due to entanglement
monotonicity/F-theorem. The Gaussian fixed point has γ =
3 × γscalar ≈ 0.18 while the topological ordered phase has
γ that equals the topological entanglement entropy and is
bigger and satisfies γ > log(
√
2) ≈ 0.35. This means that the
quantum phase transition separating the topological ordered
phase and the antiferromagnet cannot be O(3) critical, on
general grounds. Similar arguments can be made for several
other quantum critical points in condensed matter systems
(see the main text).
Let us start by posing the following question: for an
SU(2) symmetric spin-system in 2+1-d, can there ever be
a quantum phase transition out of a gapped paramagnet
that carries one spin- 12 spin per unit cell, such that the
transition lies in the conventionalO(3) universality class?
Before attempting to answer the above question, it
is perhaps important to understand the backdrop. In
3+0-d classical statistical mechanics, the phase transi-
tion between an ordered O(N) magnet and a disordered
phase (i.e. a paramagnet) generically lies in the O(N)
universality class. However, quantum mechanical spins
carry non-trivial Berry’s phase which may not only lead
to a dramatic change in the nature of the magnetic
phase transition23,24,56, but perhaps even more strikingly,
they can sometimes disallow the existence of a feature-
less gapped paramagnet altogether48,49. In particular,
Hastings49 showed that a paramagnet with an odd num-
ber of spin- 12 spins in the unit cell has a robust ground
state degeneracy on the torus. The non-uniqueness of the
ground state is related to the fact that the low-energy
theory is a topological quantum field theory and the re-
sulting paramagnet is a “topologically ordered” state15.
Thus, the aforementioned question may be reformulated
as: for an SU(2) symmetric spin-system in 2+1-d, can
there ever be a quantum phase transition out of a topo-
logically ordered paramagnet, such that the transition
lies in the conventional O(3) universality class?
A topological ordered paramagnet has a non-zero uni-
versal entanglement57,58, γtopo. This fact, when sup-
plemented with entanglement montonicity puts a strong
constraint on the universality class of the aforementioned
transition. One can obtain an upper bound on the γ value
for the conventional O(3) critical point by flowing down
to it from the Gaussian fixed point. The Gaussian point
consists of three free scalars and therefore,
γO(3) < 3× 0.0638 (14)
If the critical point flows to a topologically ordered
paramagnet on one side of the phase diagram, then the
γcritical corresponding to the phase transition point must
satisfy:
γcritical > γtopo (15)
The γtopo, on the other hand, can only take a discrete
set of values, since it is related to the quantum numbers of
the excitations that lie above the ground state57,58. The
smallest possible value of γtopo is attained by the Laugh-
lin ν = 1/2 state with γtopo = log(
√
2) ≈ 0.3466. Clearly,
this is greater than the upper bound for γO(3). Therefore,
we conclude that such a transition is not allowed to lie in
the O(3) universality class , even though the global sym-
metry is just SU(2). Indeed, all the known transitions
between the ordered phases and the topologically ordered
phases have fractional particles even at the transition
which leads to a different value of γcritical such that the
equation γcritical > γtopo is always satisfied
10,25,26 where
γtopo is the value for the topologically ordered phase. We
note that there already exist several realistic models of
frustrated magnets50–53, which seemingly exhibit a direct
phase transition between a topologically ordered param-
agnet and an SU(2) symmetry broken state.
Similar analysis can be done for phase transitions in
bosonic systems that have a global U(1) symmetry cor-
responding to boson number conservation. For example,
the phase transition between a superfluid and a ν = 1/2
fractional quantum Hall state of bosons can not be a
conventional O(2) transition because γO(2) < 2 × 0.0638
while γν=1/2 = log(
√
2) ≈ 0.3466. This is indeed con-
sistent with the known theory for this transition54. On
the other hand, the phase transition between an inte-
ger quantum Hall state of bosons and a superfluid is al-
lowed to be in the O(2) universality class, since the in-
teger quantum Hall state has γ = 0. Indeed, the critical
theory for such a transition is just O(2)55.
Transitions in classical gauge-matter theories:
The same argument as above also applies to classi-
cal finite temperature transitions in gauge-matter the-
ories in 3+0 dimensions. For example, consider classi-
cal Z2 gauge-matter at finite temperature on a three-
dimensional cubic lattice59:
Z =
∑
{σ},{s}
e−H({σ},{s}) (16)
where
H({σ}, {s}) = −J
∑
<i,j>
siσijsj −K
∑

∏

σ (17)
6This phase diagram of this model is well-understood59.
The easiest way to establish this phase diagram is to
first consider the limit J = 0 in which case one obtains
a pure gauge theory which is separated from the con-
fined phase via a second-order transition. Similarly, in
the limit K =∞, the deconfined phase is separated from
the Higgs phase by a second-order transition. As shown
in Ref.59, the Higgs and the confined phase are one and
the same.
The main point that we want to emphasize here is that
though both the aforementioned transitions are generally
assumed to be in the Ising universality class, in a strict
sense, this is not true. The free energy F on S3 for the
Z2 deconfined phase is log(2) (Ref.
60), while the F for a
conventional Ising critical point is bounded from above by
Fscalar = 0.0638. Indeed, by performing a quantum-to-
classical mapping, and using the arguments of Ref.25, this
transition can be argued to consist of critical 2+1-d Ising
CFT coexisting with deconfined (quantum) Ising gauge
theory. Using the notation of Ref.61, the transition may
thus be called Ising∗, and it has the universal F = FIsing+
log(2) where FIsing is the value for the conventional 3D
Ising critical point. It is interesting to note that all local
operators will have scaling dimensions identical to that at
the Ising transition and yet the transition is in a different
universality class since the F value differs.
The distinction between the regular Ising and Ising*
may seem ‘trivial’ in that the CFT with the infinite cor-
relation length (= Ising model) and the TQFT with zero
correlation length (= Ising gauge theory) essentially de-
couple at low-energies. However, presence of topological
degrees of freedom at such transitions can have dramatic
consequences for the nearby phases as we exemplify now.
Consider Kitaev’s honeycomb model62, where in the ab-
sence of any magnetic field and uniform couplings one
obtains a nodal Z2 topologically ordered state. At low-
energies, such a state shows decoupling between the gap-
less fermionic degrees of freedom and the gapped Ising
gauge theory, very similar to the case of Ising* transi-
tion above. Thus, the value of γ for this phase is given
by63 γnodal = γgauge + γfermion ≈ log(2) + 0.22 ≈ 0.91.
Now, this phase is known to be unstable for infinitesimal
value of magnetic field in the [111] direction to a topo-
logical ordered phase with anyons that obey non-abelian
statistics62 which happens to have a γ = log(2). Such
an RG flow from the gapless state to the gapped topo-
logical ordered state would be prohibited due to the en-
tanglement monotonicity, if it were not for the presence
of gapped Z2 gauge sector in the gapless phase. This is
because, the fermions alone carry γfermion ≈ 0.22, too
little to allow a direct flow to the non-abelian state with
γ = log(2).
IV. SUMMARY AND DISCUSSION
In this paper, we employed the recently results on
the generalization of the c-theorem to odd space-time
dimensions5–11 to show that compact QED-3 is in the
chirally symmetric phase when Nf > 6 where Nf is the
number of four-component fermionic flavors. We also
showed that compact QED-3 is deconfining when Nf > 6
on the number of four-component flavors. We also gener-
alized both of these results to QCD-3 for arbitrary gauge
groups. Furthermore, again using the monotonicity of
entanglement entropy, we showed that the transitions to
topologically ordered paramagnets in an SU(2) symmet-
ric spin-system can never lie in an O(3) universality class.
We also pointed out that there exist classical phase tran-
sitions where correlation functions of all local operators
are identical to that of an Ising transition, yet the critical
point does not lie in the conventional Ising universality
class.
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